Dynamical behavior of a competitive model with genetic variation  by Selgrade, James F.
Appl. Math. Lett. Vol. 2, No. 1, pp. 49-52, 1989 08939659/89 $3.00 + 0.00 
Printed in Great Britain 0 AU rights reserved Copyright@ 1989 Pergamon Press plc 
DYNAMICAL BEHAVIOR OF A COMPETITIVE 
MODEL WITH GENETIC VARIATION 
JAMES F. SELGRADE 
Mathematics Department, North Carolina State University 
Abstract. The dynamical behavior of a competitive, coevolutionary model containing stable 
coexistence and mutual exclusion is discussed. 
1. INTRODUCTION 
Competition between two populations may be modeled by 
nary differential equations: 
the following system of ordi- 
(1) 
where M, N 2 0 are population densities and all parameters are positive. The per 
capita growth rate functions in (1) are called fitness functions. Since these fitnesses are 
linear, the competition is said to be of Lotka/Volterra type. If (1) has an equilibrium 
in the interior of the positive quadrant then there are two possible outcomes of L/V 
competition (see Freedman [2] or Waltman [9]) distinguished by the difference between 
the self-repression and the interspecific competition, i.e., 
cry - ps. (2) 
If (2) is positive then the interior equilibrium is globally, asymptotically stable (stable 
coexistence); and, if (2) is negative then the interior equilibrium is a saddle and the 
single-species equilibria are locally, asymptotically stable (mutual exclusion). 
Both outcomes may occur in the same ecological system if one population is allowed 
to vary genetically (see Selgrade and Namkoong [8]). Henceforth, we assume that the M 
population is divided into 3 subpopulations distinguished by the genotypes AA, Aa, aa; 
and we let p denote the frequency of the allele A. Since we assume that the gene action 
in the A4 population exhibits no dominance, we write the heterozygote fitness as the 
average of the homozygote fitnesses. For L/V competition, we take 
PAA =’ 1 - ~AAM - PAAN 
paa = I- w,,M - PmN (3) 
q=l-6M-yN 
for the fitnesses of the two homozygotes and the growth rate of the N population. 
Here all the intrinsic growth rates are assumed to be 1. To obtain stable coexistence on 
the fixation plane {p = 1) and mutual exclusion on {p = 0) we require that 
aaa < 6 < &AA and PAA < +I < Paa. (4) 
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Assuming (3), (4), random mating, and slow selection, the following system of ordinary 
differential equations on the region S E {(p, M, IV) : 0 < p 5 1, M 2 0, N 2 0) models 
this ecological system (see Crow and Kimura [l] or Ginzburg [3]): 
Ij=p(l- P~AA -/ha)/2 
42 = (WAA + (I- Ph~)~ 
N=(l-SM-7N)N. 
(5) 
Equation (5) is a coevolutionary system. Such systems describe models which include 
those of ecology and of classical population genetics, (see Levin [4] or Roughgarden [S]). 
2. ASYMPTOTIC BEHAVIOR 
An equilibrium of (5), interior to S, is a solution to the following system of 3 linear 
equations in the unknowns M and N: 
PA.~ = 0, Paa = 0, and q = 0. (6) 
Eq. (6) has solutions if and only if the constant K is zero where 
K = ~AA/L - %MPAA + (%a7 - Paa6) - (aA_ - PAA&). (7) 
If IC = 0 then (6) h as a line of solutions, C,, parameterized by the variable p where 
C’s is the saddle in {p = 0) and Cl is the stable equilibrium in {p = 1). 
As a consequence of Theorem 2.1, below, and the invariance properties of the set where 
I; is zero, the dynamical behavior of (5) is determined by the sign of K, see Figure 1. If 
K # 0 then, as shown above, there is no interior equilibrium. Furthermore, the M pop- 
ulation must tend to genetic homogeneity. In particular, if K < 0 then the equilibrium 
MO on the M-axis is globally, asymptotically stable, i.e., only the au genotype survives 
in the,long-term. If K > 0 then both MO and Ci are locally, asymptotically stable, i.e., 
the ecosystem may evolve toward survival of the aa genotype only or coexistence of the 
AA genotype and the N population. The case when K = 0 is the degenerate transition 
behavior, see Figure l(b). 
The net competition in the system is measured by K. In (7) we see that the first term 
in parentheses is negative because of the mutual exclusion on {p = 0) and the second 
term in parentheses is positive because of the stable coexistence on {p = 1). Hence the 
sign of K is determined by the term (YAA&, which is a product of the self-repression 
and the interspecific competition and is unlike the products in eq. (2). This leads to some 
surprising biological consequences, e.g., a small self-repressive effect (&AA) on the AA 
genotype may result in the extinction of both the AA genotype and the N population 
(Fig. l(c)). Als o, in all cases, the genetically varying population M survives. 
To obtain the preceding dynamical behavior we need the following result [5]: 
THEOREM 2.1. Let (5) satisfy (3) and (4). Th en each solution to (5) converges to one 
equilibrium as t + 00. 
The existence of the heteroclinic orbits across the interior of S in Figures l(a) and 
l(c) follows from Theorem 2.1 and “shooting” arguments. If K = 0, there is a unique 
equilibrium C,, with two zero eigenvalues. By studying the flow on the center manifold of 
C,,, and more “shooting”, we show that there is an orbit connecting Ml to C,,, denoted 
A+, and a unique orbit from C,, to MO, denoted A-. 
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3. LIMITS OF HETEROCLINIC ORBITS 
When K < 0 there are heteroclinic orbits from Cr to MO; and when K > 0 there are 
orbits from Ml to Cc. To illustrate how such a transition occurs as K passes through 
zero, we find the limits of both families as K + 0. Since the vector field of (5) is not 
Co in K, we choose 7 as the bifurcation parameter and fix the remaining parameters in 
(3). Since K is a decreasing function of 7, there is a 70 where K = 0; and we compute 
the heteroclinic limits as 7 4 70. The p variable is decreasing on each heteroclinic orbit, 
U(7), so we define O,(y) = O(7) n {p = s}. Using topological arguments and the fact 
that the flow on the center manifold of C,, is singularly perturbed for 7 near 70, we 
conclude: 
THEOREM 3.1. Let (5) satisfy (3) and (4). Th en 71<~OUI(7) = C., for s 2 p* and 
;<yo0,(7) = A- n {p = s} f or all s < p*. For {O,(y)},/,, there is a sequence 7n /” 70 
and a heteroclinic orbit from Ml to C,,, A+, so that 71i/m700, (7,,) = C, for all s 5 p* 
(I 
and 71iF7008(7n) = A+ II {p = s} for all s > p*. 
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(a) K > 0, (7 < 70), 
MO and Cr stable 
(b) K = 0 (7 = 70) 
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(4 I-c < 0 (7 > 701, 
MO stable 
Figure 1 
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